This paper proposes a new forecasting method which makes use of information from a large panel of time series. As in Forni, Hallin, Lippi and Reichlin (2000) , and in Stock and Watson (2002a,b), the method is based on a dynamic factor model. We argue that our method improves upon a standard principal component predictor in that, first, it fully exploits all the dynamic covariance structure of the panel and, second, it weights the variables according to their estimated signal-to-noise ratio. We provide asymptotic results for our optimal forecast estimator and show that in finite samples our forecast outperforms the standard principal components predictor.
Introduction
Economists and forecasters nowadays typically have access to information scattered through a huge number of observed aggregated and disaggregated economic time series. Intuition suggests that concentrating on a few series, hence disregarding potentially relevant information, or performing "naive" aggregation always produces suboptimal forecasts; the more scattered the information, the more severe this loss of forecasting efficiency. Yet, most multivariate forecasting methods in the literature are restricted to vector time series of low dimension, and allow for incorporating only a limited number of key variables. Such methods are thus of little help in * Research supported by a P.A.I of the Belgian Federal Government, an A.R.C. contract of the Communauté française de Belgique, the Training and Mobility of Researchers Programme of the European Commission (Contract ERBFMRX-CT98-0213), and a COFIN 2002 grant by Ministero dell'Istruzione, dell'Università e della Ricerca (Italy).
large panels of time series, where the cross-sectional dimension is often of the same order as, or even larger than the series lengths.
As a solution to this large-size problem, recent literature has given much attention to dynamic factor models, whose main features are: (a) an infinite number of cross-sectional units, (b) a decomposition of each observed variable x it in the panel into two mutually orthogonal unobservable components, the common component χ it and the idiosyncratic component ξ it , (c) a small dynamic dimension of the common components χ it , which are determined by dynamic loading of a finite number q of common factors, and (d) a "weak correlation structure" (a notion to be defined more precisely below) of the idiosyncratic components ξ it , which need not, as in traditional factor models, be mutually orthogonal across the panel.
Adopting a parametric approach, Quah and Sargent (1993) estimate by maximum likelihood such a large cross-section model, under the restriction of orthogonal idiosyncratic components. Doz, Giannone and Reichlin (2003) implement a maximum likelihood estimator by forcing orthogonality among the idiosyncratic components, and show that the impact of the resulting misspecification is negligible as the cross-section size tends to infinity.
Weakly correlated idiosyncratic components are directly dealt with in the non-parametric approach adopted in Forni and Reichlin (1998) , Reichlin (2000, 2004) , Forni and Lippi (2001) , and Stock and Watson (2002a, b) . Stock and Watson's method (SW henceforth), based on principal components of contemporaneous values of the x's, can also be used for forecasting. Forni, Hallin, Lippi and Reichlin's (FHLR henceforth), based on frequencydomain principal components, and therefore on two-sided filtering of the x's, though more efficient than SW's for estimation of the common components, see FHLR (2000), is not directly suitable for prediction.
In the present paper, still in a non-parametric spirit, we combine the advantages of FHLR and SW to propose a new predictor. Like in previous literature, (a) we start with the observation that the forecast of any of the x's can be obtained as the sum of the forecasts of the common and the idiosyncratic components, each based on its own past values. The idiosyncratic component, being mildly cross-correlated, can be predicted by means of traditional univariate or low-dimensional forecasting methods. Thus, we concentrate on prediction of the common components χ it . (b) Such prediction is obtained by, firstly, estimating the factor space by linear combinations of the x's. As the cross-section size tends to infinity, the idiosyncratic components, being poorly correlated, cancel out, and the factor space is approached. The predictor is then obtained by projecting future values of the χ's on the estimated factor space.
The novelty of this paper lies both in the estimation of the factor space and in the way projections onto this space are performed. We proceed in two steps. The first step uses the dynamic techniques of FHLR (2000) to obtain estimates of the covariance matrices of common and idiosyncratic components. In the second step, these covariances are used to produce (A) a new estimation of the factor space: we employ generalized eigenvectors associated with the estimated covariance matrices of common and idiosyncratic components to obtain (unlike in FHLR, 2000) linear combinations-referred to as generalized principal componentsof contemporaneous x's with minimum idiosyncratic-common variance ratio; (B) a new estimation of the projection of future values of the χ's on the factor space, based on the estimated lagged covariance matrices of the χ's.
Both our two-step predictor and SW's are consistent, in the sense that, as the cross-section size n and the number of time observations T tend to infinity, both predictors tend in probability to the population optimal predictor. However, we show that our predictor outperforms SW's, in simulations as well as on SW's own data set. Intuitively, our predictor indeed has a twofold advantage over SW's.
First, while SW's estimation of the h-step ahead projection matrix is based on the lag-h covariance matrix of the x's, our method employs the first-step estimate of the lag-h covariance matrix of the common components. Such estimate is based on the frequency-domain principal components, as in FHLR (2000), which allow efficient aggregation of variables that may be out of phase, so that the information contained in all cross-covariances of the x's, both lagged and contemporaneous, is fully exploited to obtain the h-step ahead projection matrix.
Second, our generalized principal component method performs better than SW's standard principal component one in approaching the factor space, since it exploits preliminary estimation of the contemporaneous covariance matrices of common and idiosyncratic components. Roughly speaking, our first step enables us to place smaller weights on variables having larger idiosyncratic components, so that the idiosyncratic 'error' contained in the linear combination is minimized.
The paper is organized as follows. In Section 2 we set up the model and the main assumptions. In Section 3 we provide a detailed presentation of the two-step method and our predictor. In Section 4 we prove consistency. In Section 5 our two-step method is compared to SW's method by using simulated panels. The results of an in-depth comparison based on the empirical panel used in Stock and Watson (2002b) are briefly reported. Section 6 concludes. Some lemmas, which are used in Section 4, are stated and proved in the Appendix.
The model
The model used in the present paper is an approximate factor model, in that the idiosyncratic components are allowed to be weakly correlated, like in Chamberlain (1983) and Chamberlain and Rothschild (1983) , and contrary to Sargent and Sims (1977) , Geweke (1977) , and Quah and Sargent (1993) . It is a dynamic factor model in that the common factors are loaded through a lag structure, like in FHLR (2000), Forni and Lippi (2001) , SW (2002a,b), Bai and Ng (2002) , and Bai (2003) . However, unlike in FHLR (2000) and Forni and Lippi (2001) , the lag structure is assumed to be finite.
Denote by X = (x it ) i=1,...,n; t=1,...,T an n × T rectangular array of observations. Throughout, we assume that A1. X is a finite realization of a real-valued stochastic process {x it ∈ L 2 (Ω,
where all n-dimensional vector processes {x t = (x 1t · · · x nt ) , t ∈ Z}, n ∈ N, are stationary, with zero mean and finite second-order moments
The spectral techniques to be used in the sequel require in addition the following technical assumption A2. For all n ∈ N, the process {x t , t ∈ Z} admits a Wold representation x t = ∞ k=0 C k w t−k , where the full-rank n-dimensional innovations w t have finite moments of order four, and the n × n matrices C k = (C ij,k ) satisfy ∞ k=0 |C ij,k |k 1/2 < ∞ for all n, i, j ∈ N. Assumptions A1 and A2 jointly will be referred to as assumption A.
To avoid heavy notation, the dependence on n of the vectors x t and w t , of the matrices Γ Γ Γ k and C k , and of many other scalar, vector, and matrix quantities to be defined below, is not made explicit. In the same way, explicit reference to T will be avoided for estimated quantities. For example, an estimate of Γ Γ Γ k , which depends on n and T , will be denoted byΓ Γ Γ k .
The basic idea, in dynamic factor analysis, is that each process x it , i ∈ N, is the sum of a common component χ it and an idiosyncratic component ξ it . The common component is driven by a q-dimensional vector of common factors f t = (f 1t f 2t · · · f qt ) , which are loaded with possibly different coefficients and lags:
Note that q is independent of n (and small as compared to n in empirical applications). In vector notation, defining χ χ χ t = (χ 1t . . . χ nt ) and ξ ξ ξ t = (ξ 1t . . . ξ nt ) , and denoting by B(L) as the n × q matrix whose (i, j) entry is b ij (L), our model is thus
where the factors f t follow a VAR scheme of the form A(L)f t = u t . Our assumptions on (2.1) are the following.
B1.(a) For i ∈ N and j = 1, . . ., q, the orders of the b ij (L)'s have a finite maximum s ≥ 0; thus
s is an n × q matrix polynomial in the lag operator L, where B s = 0 for n greater than or equal to some m ≥ 1.
S is a q × q matrix polynomial, with A S = 0 and S < s + 1.
(c) All solutions of det[A(z)] = 0, z ∈ C, lie outside the unit ball.
B2. The vector {u t = (u 1t . . . u qt ) , t ∈ Z} of common shocks, is a q-dimensional orthonormal white noise process orthogonal to {ξ it , i = 1, . . ., n, t ∈ Z} (this implies that χ it and ξ jt are orthogonal at any lead and lag for all i, j ∈ N).
Of course the matrices B j are nested as n increases. Assumption B1(c) on the characteristic roots of A(L) guarantees the existence of the inverse operator [A(L)] −1 . We shall return to B1(b) in the next section.
Under Assumption A, finite second-order moments exist for all variables involved in the model. Let 
, be the n × n spectral density matrices of χ χ χ t and ξ ξ ξ t , respectively, and denote by λ ξ (θ), respectively. On these spectral densities, we make the following assumptions.
C2. There exists a real Λ such that λ ξ 1 (θ) ≤ Λ for any θ ∈ [−π π] and any n ∈ N. Assumption C1(b) requires that the first q + 1 eigenvalues be distinct for almost all θ (note that λ χ j (θ) = 0 for j > q and all θ). It makes proofs easier while not causing a serious loss of generality. Assumptions C1(a) and C2 are needed to guarantee identification of the common and the idiosyncratic components (see Forni and Lippi, 2001) . Note that condition C2 on the asymptotic behavior of λ ξ k (θ) includes the case in which the idiosyncratic components are mutually orthogonal, with uniformly bounded variances. Mutual orthogonality is a standard, though highly unrealistic assumption in finite-n factor models; condition C2 relaxes this assumption, while giving a precise meaning to the expression "weak correlation" used in the Introduction.
Letting F t = (f t f t−1 . . . f t−s ) and C = (B 0 B 1 · · · B s ), model (2.1) also can be written as
in which r = q(s + 1) common factors are loaded only contemporaneously. Equation (2.2) looks like a static factor model. However, the dynamic nature of (2.1) implies that F t has a special structure: indeed, the spectral density matrix of F t has rank q, which is smaller than r if s > 0. In the sequel we call 'static factors' the factors of the static representation (2.2), i.e. the r entries of F t , and 'dynamic factors' the q entries of f t . Finally, let Γ Γ Γ 
A two-step forecasting method
As already observed in the Introduction, the paper concentrates on forecasting the common components χ i,T +h . As a by-product we also provide an estimator for in-sample values of the χ's. Both problems, forecasting and in-sample estimation, can be reduced to estimating (i) the factors and (ii) the covariances between χ i,T +h , or χ t , and the factors.
Formally, denote by G(F, t) the linear space spanned by F jt , for j = 1, . . ., r. Quite obviously, the common component of χ it coincides with the linear projection
of χ it on G(F, t). Moreover, using the inequality S < s + 1 (see Assumption B1(b)), it is easily seen that the best linear predictor, based on
given by the linear projection
Note that Assumption B1(b) implies that enlarging the projection space with past values of F t does not improve prediction. Note however that B1(b) is just a convenience. If S were larger than s, optimal prediction would require the projection on a space including past values of F t , this implying only minor changes in our statements (Proposition 4.1 in particular) and proofs.
Steps 1 and 2 of our procedure estimate (3.1) and (3.2) by estimating, in reverse order, the factor space and the relevant covariance matrices.
Step one: estimating
In FHLR (2000), estimation of the common components is based on the dynamic principal component method (see Brillinger, 1981, Chapter 9) . Denote byΣ Σ Σ(θ) = (σ ij (θ)) , θ ∈ [−π, π], a consistent periodogram-smoothing or lag-window estimator of the n × n spectral density matrix
(the inverse Fourier transform ofp j (θ)), the j-th dynamic principal components of x t is defined asp j (L)x t . The first q dynamic principal components are used to obtain a consistent (see However, the spectral density ofχ χ χ D t provides estimates of the spectral density matriceŝ
of χ χ χ t and ξ ξ ξ t ; see FHLR 2000 for details. Therefore, the covariance matrices of χ χ χ t and ξ ξ ξ t can be estimated asΓ
Step two: estimating the factor space and the best linear forecast
The general idea underlying our method is that the factor space can be consistently estimated by linear combinations of the x's, as n tends to infinity. Different linear combinations produce different estimators. We argue that the information contained in the covariance matrices estimated in Section 3.1 can be used to determine linear combinations of the x's which are more efficient than standard principal components. Consider all the linear combinations ax t = a 1 x 1t + · · · + a n x nt of the x's which fulfill the constraint var(ax t ) = 1. Observe that ax t = aχ χ χ t + aξ ξ ξ t = Proj(ax t |G(F, t)) + aξ ξ ξ t , so that, under the constraint, the linear combination of the x's which is closest to the factor space is obtained by solving min a∈R n var(aξ ξ ξ t ), s.t. var(ax t ) = 1, which is obviously equivalent to max a∈R n var(aχ χ χ t ), s.t. var(aξ ξ ξ t ) = 1, or, using the variances and covariances estimated in Section 3.1,
Extending this simple argument, we want to find r (the dimension of G(F, t)) independent linear combinationsŴ jt =Ẑ j x t , where the weightsẐ j are defined recursively aŝ
for j = 1, . . ., r (for j = 1 only the first constraint applies). The solutionsẐ j of this problem are the generalized eigenvectors associated with the generalized eigenvaluesν j of the couple of DefiningẐ = Ẑ 1 · · ·Ẑ r , the space G(F, t) is estimated by the first r generalized principal components of the x's, i.e. by the r components of
Observing that the covariance between χ χ χ T +h andẐx T (or χ χ χ t andẐx t ) equals the covariance between χ χ χ T +h andẐχ χ χ T (or χ χ χ t andẐχ χ χ t ), the estimators of the projections (3.1) and (3.2), in vector form, are easily obtained aŝ
respectively; these projections are the two-step estimators (predictors) we are proposing. An alternative method to estimate the best linear predictor of the χ's might be the factorisation ofΣ Σ Σ χ (θ) along the line of Wiener and Masani (1957-8) or Rozanov (1967) . However, firstly, our spectral density matrix is singular (its rank is q, irrespective of n), which would cause a serious problem with the choice of a non-singular submatrix. Secondly, using our approach, the matrix to be inverted is only r × r (see (3.10) and (3.11)), with r independent of n, hence an important part of the motivation for factorization as opposed to the projection method (see Wiener and Masani (1958) , pp. 100-2), looses its strength.
To get an intuition of how generalized principal components are constructed, consider the very simple example under which χ it = u t for any i, with orthogonal idiosyncratic terms. In this case, assuming that the relevant covariance matrices are estimated without error, the entries ofẐ 1 are proportional to 1/σ ξ i , i.e. inversely proportional to the 'size' of the idiosyncratic components. More generally, it is easily seen that the generalized principal components of x t are equal to the standard principal components of the transformed vectorx t = (Γ Γ Γ 
Comparison with Stock and Watson's method
Consider the k-lag sample cross-covariance matrixΓ Γ Γ k = (T − k)
Letm j be the j-th largest eigenvalue ofΓ Γ Γ 0 , with row eigenvectorŜ j . Moreover, letM be the r × r diagonal matrix with diagonal elementsm 1 ,m 2 , . . . ,m r , and putŜ = Ŝ 1 · · ·Ŝ r (a r × n matrix). Stock and Watson's estimation of the factor space and the projections are given bŷ
Let us compare this with our two-step method. (I) Since no preliminary estimation of the matrices Γ Γ Γ χ h is available, estimated values of χ χ χ t and χ χ χ T +h in SW are obtained by projecting x t and x T +h on the estimated factors. Hence, SW useΓ Γ Γ h in the projection matrix, whereas we useΓ Γ Γ χ h , which is obtained via the dynamic method of FHLR (2000) and therefore conveys information contained in the whole covariance sequence {Γ Γ Γ s , s ∈ Z}.
(II) Moreover, with the two-step method, as illustrated in Section 3.2, the covariance matrices estimated in Step 1 are used to obtain efficient weights in Step 2, so that the factor space is approximated byẐx t instead of SW's standard principal componentsŜx t .
Though the arguments in (I) and (II) provide a strong heuristic support for the claim that forecasts based on the two-step method outperform those based on SW's, a formal derivation of optimality properties or relative efficiency values is extremely difficult in such a general context, and will not be pursued in this paper. However, an important insight into the finite-sample relative performances of our method and SW's will be obtained in Section 5 by comparing forecast results on simulated and empirical panels.
Consistency
In this section we prove convergence in probability ofχ it to χ it and ofχ i,T +h|T to the best linear forecast of χ i,T +h , for each i, as T and n tend to infinity. As in Section 3, denote bŷ Σ Σ Σ(θ) = (σ ij (θ)) any consistent estimator of the n × n spectral density matrix Σ Σ Σ(θ) = (σ ij (θ)). Under Assumption A2 , for a given n and any > 0,
This is an easy consequence of Remark 1 to Theorem 10. 
, where λ nj (θ) and p nj (θ) are, as in Section 2, eigenvalues and eigenvectors of Σ Σ Σ(θ). Note thať
are not the population spectral density matrices of χ χ χ t and ξ ξ ξ t , respectively.
They are, so to speak, estimates of such matrices for T infinite but finite n. Under Assumption C1(b), continuity of the eigenvalues and first q eigenvectors as functions of the entries ofΣ Σ Σ(θ) (the somewhat inaccurate expression "continuity of the eigenvectors" stands for continuity, for all j = 1, . . ., q, ofp * j (θ)p j (θ)) implies that (4.1) applies to the entries ofΣ Σ Σ χ andΣ Σ Σ χ respectively. More precisely, for any given n and any > 0,
The same property holds forΣ Σ Σ , so that χ χ χ T +h|T =K h x T . (ii) Denote byŵ jt the standardized version ofŴ jt . Sincê
thenŵ jt =ẑ j x tt , whereẑ j =Ẑ j / 1 +ν j . Note that sinceẐ jΓ Γ Γ 0Ẑ k = 0 for j = k (using the constraints of (3.7)), the linear combinationsŵ jt , for k = 1, 2, . . ., r, form an orthonormal system spanning a space of the same dimension as G(F, t). (iii) Denote byŽ j ,ν j ,Ǩ h ,χ i,T +h|T , etc., the objects playing the same roles asẐ j ,ν j ,K h ,χ i,T +h|T , etc., but with respect toΓ Γ Γ 
The proof of Proposition 4.1 relies on the following two lemmas. 
in quadratic mean as n → ∞. It follows that a n x t converges to G(F, t) in quadratic mean.
For a proof, see e.g. Lemma 3 of FHLR (2000).

Lemma 4.2 Let K denote a subspace of a Hilbert space H of centered, square-integrable random variables, with covariance scalar product. Assume that K is generated by the independent k-tuple
. ., v nk ) , n ∈ N} be a sequence of orthonormal k-tuples of H such that v nj − Proj (v nj |K) converges to zero in quadratic mean as n → ∞. Then, the projection of v ∈ H onto the space K n spanned by (v n1 , . . ., v nk ) converges in quadratic mean, as n → ∞, to the projection of v onto K.
For the proof, see the Appendix.
Proof of Proposition 4.1. Lemmas 7.1 and 7.2 (see the Appendix) imply thatν r tends to infinity as n → ∞. As a consequence, each of the r sequences {Ž j / 1 +ν j , n ∈ N}, j = 1, . . ., r, is a triangular array fulfilling the assumption of Lemma 4.1. Indeed,Ž j is bounded in modulus,
where, in view of Assumption E(b),μ ξ n is bounded away from zero. Lemma 4.1 implies thatw jt =Ž j x t / 1 +ν j converges in quadratic mean to the space G(F, t) as n → ∞, for j = 1, . . ., r. Then, by Lemma 4.2,χ i,T +h|T converges to χ i,T +h|T in quadratic mean and therefore in probability. Thus, given > 0 and η > 0, there exists N 1 ( , η), such that for n > N 1 P |χ i,T +h|T −χ i,T +h|T | > < η. , respectively, as T → ∞, and Assumption E(a), imply thatK h converges in probability toǨ h for T → ∞. This implies that, given n, > 0 and η > 0, there exists T 1 (n, , η) such that, for T > T 1 ,
Moreover, given n and η > 0, let M (n, η) be a positive real such that P [max j=1,n |x jt | ≥ M (n, η)] < η. Then, given n, > 0 and η > 0, there exists T 2 (n, , η) such that, for T > T 2 ,
To see this, note that
so that (4.6) is obtained defining T 2 (n, , η) = T 1 (n, /M (n, η/2), η/2). Lastly,
Defining N 0 ( , η) = N 1 ( /2, η/2) and T 0 (n, , η) = T 2 (n, /2, η/2), the conclusion follows from (4.5) and (4.6). QED As the reader can easily check, the proof of Proposition 4.1 can be adapted with no difficulty to prove consistency of our two-step in-sample estimator (3.11). Moreover, Proposition 4.1 holds if the matricesΓ Γ Γ ξ 0 andΓ Γ Γ ξ 0 are replaced by any other sequence of couples of positive definite n × n symmetric matricesD, depending on n and T , andĎ, depending on n, respectively, provided thatD −Ď converges to zero in probability for any n, as T → ∞, and that all eigenvalues ofĎ are bounded and bounded away from zero as n → ∞ (indeed Lemmas 7.1 and 7.2 hold).
Finite sample performances: simulated and empirical panels
In this section we apply both our two-step and SW's estimator to simulated panels which differ by the degree of heterogeneity of the idiosyncratic variances and the dynamic structure of the common components. We also briefly report some of the results of two empirical exercises comparing the predictive performances of the two-step and SW predictors on SW's own dataset.
Simulation results
The first model, M1, has one autoregressive factor, loaded only contemporaneously, and spherical idiosyncratic components. This is a case where, in principle, SW's method should perform comparatively well. Models M2, M3 and M4 have a richer and more heterogeneous dynamic structure-a feature which should favor the dynamic method. M2 has MA(3) loading filters, two serially uncorrelated factors and diagonal idiosyncratic variance-covariance matrix. M3 and M4 have one autoregressive factor and the common components of different groups are shifted in time. The two models differ by the behaviours of their idiosyncratic components: in M3 they have different variances whereas in M4 variances are the same. The comparison between the last two models should help understanding the role of heterogeneity of the size of the idiosyncratic components. Finally, in M3 the idiosyncratic components are not mutually orthogonal (but condition C2 is still satisfied).
Model M1. Under this model, the observations are generated by
where the shocks u t and it , t = 1, . . ., T , i = 1, . . ., n, and the coefficients λ i , i = 1, . . ., n are mutually independent standard normal variables, while the coefficients c i are mutually independent, independent of the latter variables, and uniformly distributed on the interval [0.1, 1.1] in order to avoid nearly zero idiosyncratic components. The constant α is set so as to guarantee that the average idiosyncratic-common variance ratio is equal to one (the same holds for all models below). Here q = 1 and s = 1.
Model M2. Observations are generated by
Again, a ik and b ik , k = 0, 1, 2, 3, i = 1, . . ., n and the shocks u 1t , u 2t and it t = 1, . . ., T , i = 1, . . ., n are standard normal variables while the c i 's are uniformly distributed over the interval [0.1 1.1], as for (M1). Here q = 2 and s = 3.
Model M3. The observations are generated by
where l i = 0 for 1 ≤ i ≤ m , l i = 1 for m + 1 ≤ i ≤ 2m, and l i = 2 for 2m + 1 ≤ i ≤ n. In order for the three types (l i = 0, 1, 2) to be equally present in the panel, we took m = [n/3] (as usual, we denote by [z] the largest integer less than or equal to z). Here q = 1 and s = 5. Note that ξ * it is positively correlated with ξ * i+1,t , but is orthogonal to ξ * i+k,t at any lead and lag for k > 1.
Model M4. The observations are generated as in M3, but idiosyncratic components are no longer cross-sectionally correlated (ξ * it = αc i it ), and the coefficients c i are such that var(λ i f t )/var(x * it ) = 0.5; the percentage of idiosyncratic variance then is the same for all i.
We generated data from each model, with n = 20, 50, 100, 200 and T = 20, 50, 100, 200, meaning a total number of 64 experiments; each experiment was replicated 1000 times. Before estimation, all variables were taken in deviation from their sample means and divided by their standard deviations, i.e. spectral estimation was conducted on the standardized observations
. For each replication, we computed the in-sample estimates and the one-step ahead forecasts using both SW's and the two-step method. We estimated the spectral density matrix of the x's aŝ 
, as expained below. Throughout, we assumed both the number q of dynamic factors and the number r = q(s + 1) of static factors to be known.
An important empirical finding of our simulations is that, when the cross-sectional dimension n is large with respect to the period of observation T , forcing to zero the off-diagonal entries of the estimated variance-covariance matrixΓ Γ Γ ξ 0 of the idiosyncratic components significantly improves forecasting performances, even when the actual matrix is non diagonal. Our explanation for this somewhat counterintuitive result is the following. When computingΓ Γ Γ ξ 0 , we unavoidably get some spurious large covariances, even when the true covariance is zero. When n increases and T is held fixed, the number of such errors increases as n 2 , the order of the number of elements in the n × n matricesΓ Γ Γ ξ 0 . On the other hand, by forcing to zero the off-diagonal entries of our estimated matrix, we ignore the true off-diagonal non-zero entries. Also in this case the error increases with n, but, owing to the boundedness of the eigenvalues, it increases only linearly in n. As mentioned at the end of Section 4, replacingΓ Γ Γ ξ 0 with any symmetric positive semi-definite matrix with bounded eigenvalues does not affect consistency results. Therefore, we henceforth always set to zero the off-diagonal entries ofΓ Γ Γ ξ 0 before computing eigenvectors. We measured the performance of one-step-ahead forecasts and within-sample estimates by means of the criteria
respectively. Results for models M1, M2, M3 and M4 are shown in Tables 5.1, 5 .2, 5.3 and 5.4 respectively, with part (a) devoted to forecasts and part (b) devoted to within-sample estimation. We report the average value of the criterion, along with its empirical standard deviation (in brackets) across the 1000 replications, both for SW's and for the two-step method. The results can be summarized as follows.
(1) For model M1 the two competing methods yield similar performances for all n and T (recall that this model, under which the unique factor is loaded only contemporaneously, in principle is favorable to the SW method).
(2) The two-step method performs better than SW's for models with heterogeneous dynamics, i.e. M2, M3 and M4; in-sample estimation performances are considerably better.
(3) Homogeneity in the common/idiosyncratic variance ratio (M4 versus M3) somewhat reduces the advantage of the two-step method over SW's, an advantage which nevertheless remains quite significant. This is an indication that in these two models a substantial gain is obtained simply from the estimation of the matrix used to project the χ's on the common factor space, whereas the advantage stemming from a better estimation of the space itself is more modest.
Some empirical results
D'Agostino and Giannone (2004) carry out an exhaustive comparison of forcasting performances using two-step and SW, as well as more standard methods. The exercise is based on the monthly series in Stock and Watson (2002b) dataset, which includes 150 US macroeconomic series, from 1959:1 to 1999:2 (so that T = 482). Such data are used to forecast two key macroeconomic variables: industrial production (IP, in log levels) and inflation (twelve-month log change of Consumer Price Index, CPI), by means of a simulated real-time forecasting exercise, i.e. by comparing actual and predicted figures as the models are estimated on the time span [1, τ] , with τ running from τ 0 (corresponding to 1969:1) to T − h; h is the forecast horizon. In Table 5 .5 we report some of their results. Like in simulations, we consider only prediction of the common components, as though the idiosyncratic components were white noise. Since obviously with real data the number of static factors is unknown, we report results for r running from 6 to 15. The number of dynamic factors is set equal to 2. The forecast horizons are h =12 and 24 months and the measure of performance used is (writing y t for the variable to be predicted andŷ t+h|t for the corresponding h-step ahead forecast)
The best result for each variable and method is in bold type. The two-step method (2s) outperforms SW, for any given r, except for IP with h = 12 and r = 6, 7, 8, 11. Comparing the minima, two-step performs moderately better in all experiments. Both SW's and our method perform considerably better than AR based forecasts (the figures for the AR are not reported here). The same result, two-step outperforming SW's method, is obtained in Gentile (2004) for Italian data. In this work prediction of aggregate inflation and industrial production is obtained by applying the factor model to the panel of elementary price and production indexes respectively. The techniques introduced in Boivin and Ng (2004) to select the "good" variables in the panel are shown to produce considerable improvement. (2000) and proceeds in two steps. In the first step, we estimate the lagged covariances of the common and idiosyncratic components using the frequency domain approach proposed by Forni, Hallin, Lippi and Reichlin (2000) . In the second step we use information about the 'degree of commonality' of each variable to estimate the common factors and project the variables to be predicted onto the linear space spanned by these factors. We show that the projection converges to the optimal forecast as n and T go to infinity. Being a linear combination of the x's which does not involve future observations, the two-step predictor solves the end-of-sample problems caused by two-sided filtering in the estimation method of Forni, Hallin, Lippi and Reichlin (2000), while exploiting the advantages of dynamic information. Both theoretical arguments and simulation results suggest that our predictor can provide a substantial improvement over SW's principal component predictor when the various cross-sectional items differ significantly in the lag structure of the factor loadings, particularly if, in addition, there is heterogeneity in the fraction of total variance explained by the idiosyncratic components. Empirical exercises conducted so far are consistent with such arguments and results.
Appendix
We give here the proofs of Lemmas 7.1 and 7.2, used in the proof of Proposition 4.1, and of Lemma 4.2.
Lemma 7.1 Given the integer k > 0, consider a sequence of real, symmetric, positive semi-definite n × n matrices Γ Γ Γ n and a sequence of real, symmetric, positive definite n × n matrices D n , n = k, k + 1, . . . Assume that (i) Γ Γ Γ n 's k-th largest eigenvalue µ nk diverges as n → ∞, and (ii) D n 's largest eigenvalue is bounded from above by δ. Then, the k-th largest generalized eigenvalue of (Γ Γ Γ n , D n ), ν nk , diverges as n → ∞.
Proof. Let v nj , for j = 1, . . . , k − 1, be the generalized eigenvectors corresponding to the (k − 1) generalized eigenvalues of the couple (Γ Γ Γ n , D n ), and let w nj , j = 1, . . ., k denote the standard (unitmodulus) eigenvectors corresponding to the first k eigenvalues of Γ Γ Γ n . Let α n1 , α n2 , . . . , α nk be any non-trivial solution of the linear system of k − 1 equations in the k unknowns y j (y 1 w n1 + y 2 w n2 + · · · + y k w nk ) D n v nj = 0, j = 1, . . ., k − 1.
Define q n = α n1 w n1 + α n2 w n2 + · · · + α nk w nk . The vectors w nj are orthonormal, so that q n = 0. Therefore, because D n is positive definite, q n D n q n > 0. Thus, rescaling the α's, q n D n v nj = 0, j = 1, . . . , k − 1, and q n D n q n = 1 (7.1) (for k = 1, (7.1) does not apply and we are just setting α n1 = 1/ w n1 D n w n1 ). It follows from Assumption (ii) and (7.1) that α But, in view of (7.1), ν nk ≥ q n Γ Γ Γ n q n . The conclusion follows. QED With no loss of generality we can suppose that v is orthonormal. Consider the decomposition v n = a n v + R n , (7.2) of v n into its (componentwise) orthogonal projection a n v onto K and the orthogonal complement (a n is a k × k matrix). By assumption, R n → 0 in quadratic mean, while the assumption var(v nj ) = 1 implies that a n is bounded. Then consider the projection of v on K n . It is easily seen that v = a n v n + S n .
3)
Taking covariances in (7.2) and (7.3), we obtain, in view of the orthonormality assumption on v and v n , that I k = a n a n + Γ Γ Γ R n , and I k = a n a n + Γ Γ Γ S n , so that a n a n + Γ Γ Γ R n = a n a n + Γ Γ Γ S n . Taking traces on both sides yields tr Γ Γ Γ R n = tr Γ Γ Γ S n . Thus, S n → 0 in quadratic mean as n → ∞. Decomposing similarly v into v = b n v n + s n = b n a n v + b n R n + s n and v = bv + s, where b n v n and bv denote the orthogonal projections of v onto K n and K, respectively (b n and b are 1 × k), we obtain proj (v|K n ) − proj (v|K) = b n v n − bv = (b n a n − b)v + b n R n = s − s n .
The assumption that var(v nj ) = 1 implies that b n is bounded. Hence, b n R n → 0 in quadratic mean, and [(b n a n − b)v − (s − s n )] −→ 0 (7.4) in quadratic mean. Now, (7.3) and the fact that S n → 0 imply that cov(v, s n ) → 0. Since a n and b n are bounded, |cov((b n a n − b)v, s − s n )| = |cov((b n a n − b)v, s n )| → 0. This, combined with (7.4), implies that lim n→∞ (b n a n − b)v = lim n→∞ (s − s n ) = 0. QED
